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The equations governing the quasi-one-dimensional unsteady motion 
of an ideal, inviscid, perfectly conducting compressible fluid, subjected 
to an oblique magnetic field, are linearized in the neighborhood of a 
known simple wave flow and weakly nonisentropic perturbations are 
considered. The perturbations superposed on simple wave flow in non- 
uniform ducts may then be determined by quadratures. 
Because of the arbitrary orientation of the magnetic field, both slow 
and fast simple waves may be considered. The author’s previous work 
on the case of a transverse magnetic field and the nonmagnetic case is 
contained as a special case of the analysis. 
1. INTRODUCTION 
Since the equations governing the motion of a perfectly conducting 
compressible fluid belong to the class of reducible hyperbolic equations, it is 
possible to develop a theory of simple waves strikingly parallel to that of 
conventional gas dynamics. Th is was carried out quite elegantly by 
Friedrichs [I] and amplified by others. Because of this structural similarity, 
many of the techniques which have been applied so successfully to gas 
dynamic flows may be extended to magnetohydrodynamic flows. 
In isentropic flows, simple waves are defined by the condition that the 
flow parameters are constant along any curve of one family of characteristics 
which implies that this family of characteristics is rectilinear. Although 
simple waves do not exist in nonisentropic flows, nonisentropic perturbations 
of simple waves in isentropic flows have been shown to exist. For conven- 
tional one-dimensional gas dynamic flows, the nonisentropic perturbation of a 
centered simple wave and the isentropic perturbation of an arbitrary (non- 
centered) simple wave were given by Germain and Gundersen [2], and a 
further discussion was given by Gundersen [3]. The nonisentropic perturba- 
tion of an arbitrary simple wave was determined by Gundersen [4], and the 
analysis of these papers was used to study simple wave flows in ducts with 
small nonuniform cross-sectional area distributions [5]. 
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Recently, it was shown that the aforementioned results could be extended to 
the case of a perfectly conducting fluid, subjected to a transverse magnetic 
field. Further, for a monatomic fluid, the nonisentropic perturbation of a 
centered hydromagnetic simple wave [6], of an arbitrary simple wave [7], 
and the effects of small nonuniform cross-sectional area distributions [7] 
can be determined by quadratures. The extensions of the nonisentropic 
perturbation of a centered and an arbitrary simple wave to an arbitrary 
value of the adiabatic index and to an oblique orientation of the magnetic 
field were given by Gundersen [S]. 
For an arbitrary orientation of the magnetic field, magnetohydrodynamic 
wave phenomena are much more complicated, and, in fact, there exist three 
sound speeds, i.e., modes of propagation, called fast, slow, and intermediate 
waves in each direction which, moreover, depend on the direction of propaga- 
tion. The analysis of the present paper is limited to a particular type of an 
oblique magnetic field, viz., there exist two nonzero components, and, as a 
consequence, only the fast and slow wave speeds occur. 
It is the purpose of the present paper to extend the results of [7] to the 
case of the indicated type of oblique magnetic field, and it should be noted 
that the solution contains, as a special case, the extension of the transverse 
field case to an arbitrary value of the adiabatic index. In order to derive the 
complete perturbation equations, the governing equations for non&entropic 
flow are considered, and for simple wave flow, it is shown that two integrals 
are immediately obtained, thus reducing the number of governing equations 
by two. The remaining equations are‘written in a characteristic form valid for 
uniform or simple wave flow, generalized Riemann invariants are defined, 
and the equations are linearized in the neighborhood of the known (isentropic) 
simple wave flow. The resultant system of linear equations, which has the 
same characteristic surfaces as the original system, is solved by the use of 
techniques developed in [2]. First, the centered simple wave, generated by 
the impulsive withdrawal of a piston, is considered, and the general solution is 
obtained for the perturbation superposed on the main wave when it passes 
into a nonuniform section; then the arbitrary simple wave is considered. 
Throughout, attention is directed only to isentropic perturbed flow; for 
nonisentropic perturbed flow, the particular solutions given in [8] must be 
added to the solutions derived in the present paper. 
The characteristic forms of the basic equations for simple waves in the 
nonsteady one-dimensional case can be obtained when the general magnetic 
and velocity vectors are introduced (cf. Eqs. F,,-F, of [l]). However, the 
characteristic equations consist of six relations in the isentropic case as 
compared with four relations (see Eqs. (2.2)-(2.5)) in the case of the special 
type of magnetic and velocity vectors which are studied in this paper. Again, 
three independent integrals, in addition to the integral noted by Friedrichs 
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and Kranzer (cf. F,, of [l]) can be obtained from Eqs. F,-F, of [l]. In this 
paper, two integrals (see Eqs. (2.12) and (2.13)) of the basic characteristic 
equations for simple waves are shown to exist for the special type of magnetic 
and velocity vectors considered. The theory of [2] for determining the isen- 
tropic and nonisentropic perturbations of simple wave flow depends upon 
reducing the basic ilow equations to two independent equations. Thus, for the 
special magnetic and velocity vectors of this paper, this can be done (see 
Eqs. (2.14) and (2.15)). However, until a fourth independent integral of Eqs. 
F,-F, of [l] is obtained, the general theory of isentropic and nonisentropic 
perturbations of [2] cannot be developed. 
2. GENERAL THEORY 
The quasi-one-dimensional unsteady flow of an ideal, inviscid, perfectly 
conducting compressible fluid is governed by the system of equations [9]: 
P = exp [(s - s*)/cJ pY (2-l) 
(2.2) 
(2.3) 
(2.4) 
B,t - Blv, + u,B2 + uBzs = 0 (2.5) 
St + us, = 0 (2.6) 
where it is assumed that the velocity vector has only two components, viz., 
(u, v, 0) and the induction is given by B = (B, , B, , 0). P, p, s, s*, y, c, A, p 
and bi2 = Bi2/pp (i = 1,2) are, respectively, the pressure, density, specific 
entropy, specific entropy at some reference state, ratio of specific heats at 
constant pressure cg and at constant volume c, , local speed of sound, cross- 
sectional area, permeability, and square of the two parts of the AlfvCn speed. 
Partial derivatives are denoted by subscripts, and all dependent variables 
are functions of x and t alone save A which is considered time independent. 
As a consequence of Maxwell’s equations, there is the condition that 
B, = constant. 
The characteristics of this system are given by 
dx 
- = 24, u + af , u - af , u + a, , u - a, 
dt 
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where ar (fast speed) and us (slow speed) denote, respectively, the larger and 
smaller of the positive roots of the algebraic equation [l]: 
a4 - u2u2 + b12c2 = 0 (2.7) 
where J = c2 + br2 + b22. The complete system of Eqs. (2.2)-(2.6) may be 
written in characteristic form [9] (valid for an arbitrary flow), and simple 
wave flow would be characterized by integrating one of the equations of the 
characteristic system and setting the result equal to a constant, thus deter- 
mining a Riemann invariant. A more convenient approach is to look directly 
for solutions constant along a single family of rectilinear characteristics, i.e., 
to determine the motion of a “phase” which moves with constant velocity [I]. 
In th.is fashion, a characteristic system, valid for uniform or simple wave 
flow, is obtained directly, and a surprising amount of information may be 
obtained immediately. For example, by proper choice of parameter, a for- 
ward-facing wave can be characterized by 
where 01 is a parameter, and a is written without subscript since the subse- 
quent analysis is valid for either a slow or a fast wave. 
By forming the differential of both sides of Eq. (2.8) solving for &, and 
noting that 01 is a function of x and t, it follows that 
a 1 a 
ax' 
- 
I + [qoI) + qol)] t am 
a - cut4 + 441 a 
at= 1 + [u’(a) + a’(a)] t aa 
Substituting these results into Eqs. (2.2)-(2.6), specialized to the case of a 
uniform duct gives 
- UC, + (y - l) 
2 
cua = 0 
- au, + 3 + p - y(y 21) c = 0 
2 21 
h2B2ct 0 - au, - - = 
Bl 
- aBza - 6s + B,u, = 0 - as, = 0 (2.9) 
whose eliminant is Eq. (2.7). By eliminating s, and Us from the second equa- 
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tion of Eqs. (2.9) and B, from the fourth equation of Eqs. (2.9), the system 
may be put into the following convenient form, after using (2.7) 
-_ ;+ (y z?Qc =o 
g+. a2 cu _ o 
2 y - 1 (bra -- a2) c - 
V&a o wa+-= 
6 
u 
a 
+ W2 - b,‘) ~a 
B2b12 = 
o (2.10) 
When the first of Eqs. (2.10) is integrated and set equal to a constant, a 
generalized Riemann invariant is determined. This generalized Riemann 
invariant includes the transverse field case [IO] and the nonmagnetic case as 
special limiting cases. 
The system corresponding to Eqs. (2.10) for a backward facing wave is 
z+ (y ?I) c = 0 
!!f+L 
a2 
2 y-*vpyF=o 
% - 
bt&o o -= 
6 
u 
B 
+ W2 - h“) q = o 
BA2 
(2.11) 
with a parameter p. 
From the two systems of Eqs. (2.10) and (2.1 I), it follows that the following 
differential relations hold throughout any simple wave independently of 
whether the simple wave is forward-facing or backward-facing 
du + &(a2 - h2) 
&ha 
dv = 0 
Thus, the following integrals are obtained 
2 
log B, + -- 
s 
a2dc 
y  _ 1 (b,Z _ @) c = ‘Onstant 
= constant 
(2.12) 
(2.13) 
Because of these two integrals, the number of equations governing the flow 
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may be reduced, viz., because of Eqs. (2.12) and (2.13), it follows that Eq. (2.5) 
is identical to Eq. (2.2), and because of Eq. (2.13), it follows that Eq. (2.4) is 
identical to Eq. (2.3) when the entropy and A are constant. Consequently, 
the governing equations may be written, after simplifying (2.3) by using 
(2.12) and (2.7) 
LL+-Ep+~+E$o 
Y-1 
Ut + uu, + 
2a2c, 
c2sZ (y - 1) c AY-l)c, = O 
(2.14) 
st+us,=O (2.16) 
where A, , S, , and st are of higher order than ct , c, , ut , and us. The system 
of equations (2.14)-(2.16), which includes the equations for the transverse 
field case [8] and nonmagnetic case [3] as special cases, is valid for isentropic 
flow in a uniform duct only, i.e., the Aows in the neighborhood of which the 
equations will be linearized. 
In order to bring Eqs. (2.14)-(2.16) into close analogy with the equations 
of conventional gas dynamics, the transformation w = s (a/c) dc (where 
a”(c) is defined by the roots of Eq. (2.7), the positive sign being associated 
with the fast speed and the minus sign with the slow speed) is made. This 
makes the generalized Riemann invariants linear relations between the depend- 
ent variables. Appropriate combinations of the resultant system lead to the 
following characteristic form of the governing equations 
[ ++ 
(2.17) 
[ 
- -- 
;+ 
31, + (u - a) [- $ + ,--‘i]. = - + - c2sz 
MY - 1) CIJ 
(2.18) 
St + us, = 0 (2.19) 
Then, linearizing Eqs. (2.17)-(2.19) in the neighborhood of a known (isen- 
tropic) constant area flow, i.e., a uniform or simple wave flow, denoted by 
terms without subscripts, the following system of linear equations is obtained 
for the terms of first order, denoted by the subscript one: 
Rt + (u + a) R, + (ul + a,) 0~~ = - % + 2y(yc~l) c, 
1st + (u UUAlZ - 4 s, + (u1 - a,) B, = - 2A - c2s1z 
WY - 1) c, 
(2.20) 
(2.21) 
S1t + USlZ = 0 (2.22) 
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where the first order generalized Riemann invariants have been denoted by 
R and S, 
where wr = ac,/c, and it has been noted that 
$+2La, -- 
Y---l 
; +A!-/? 
Y-1 
are the characteristic parameters of the base flow (see the first equation of 
Eqs. (2.9) and of Eqs. (2.10)). Throughout, the symbol a will appear without 
the subscript s or f  since the analysis is valid for slow or fast waves, and the 
appropriate characteristic parameters will always be denoted by (01, p). 
By simple factoring, Eq. (2.7) for the wave speeds may be written in the 
equivalent form 
b2 a2 - 13 
a2 - b12 =-3--’ 
(2.24) 
By logarithmic differentiation of Eq. (2.24), and elimination of a2 - b12 from 
the right-hand side of the resulting equation, it follows that 
(2.25) 
From the definition of the AlfvCn variables, 
dbi dBi dp -=--- 
bi Bi 2p 
i=l,2 (2.26) 
and since the gas is polytropic 
dp _ 2 de -_-- 
P y-l c 
Replacing dB,/B, in Eq. (2.26) by its equivalent from Eq. (2.12) and noting 
that dB, = 0 (cf. F0 of [l]), it follows by use of (2.24) that 
db,- 2(a2 - c”) - b22 
b, - 1 1 
dc -- h2 (Y - l)c 
(2.27) 
4 1 dc 
b,=--- y-l c 
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Substituting Eq. (2.27) into Eq. (2.25) gives the result, after simplifying by 
(2.24:) and replacing differentials by first order terms, 
Wl a Cl 
[ 
(a2 - c2)‘2 + b22~2 
y--l=cy--l= 1 (a2 - c2)% + (y - 1) b22c2 a’ (2.28) 
Thus, the first order generalized Riemann invariants may be written in terms 
of ur and a, , viz., 
(a2 - c~)~ + b,2c2 
R = T  + [@2 - ,2)2 + (y - 1 1)b22C2 al 
(a2 - c2)2 + b22~2 
’ = - 2 + [(a2 - 42 + (y - 1) b22&3] a’ 
Consequently 
u1 + a, = I 3(a2 - c”)” + (y + 1) b2Q2 R + (y - 3) b22~2 - (a2 - c2)2 2[(a2 - c2)2 + b,2c2] 1 I 2[(a2 - c2)2 + ZI,~C”] 1 s 
u1 - a, = 
1 
(a2 - c2)2 - (y - 3) b,V 
2[(a2 - c2)2 + b,2c2] 1 ! 
R _ 3(a2 - c2>” + (y + 1) 622c2{ s 
2[(a2 - c2)2 + l~,~c~] I 
Exactly as in the nonmagnetic case or in the case of a transverse field, the 
entropy perturbation may be determined independently and directly. 
Equation (2.22) h s ows that s, is constant along the curves obtained by integrat- 
ing dx/dt = u. The solution is (cf. p. 280 of [7]). 
where D is an arbitrary differentiable function and d$ = p[dx - udt]. It 
is convenient to introduce the function T(x, t), defined by 
c?,, = WY+) = Y(Y - 1) ~3” 
Then, by substituting the above expressions for T, ur + a, , ur - a, , s,, into 
Eqs. (2.20)-(2.21) the problem is reduced to finding solutions of the following 
two first order equations for the first order generalized Riemann invariants 
+ [I 
%a2 - c2)8 + (y + 1) b22~2 R + (y - 3) !I,~c~ - (a2 - 2)s s 012 
2[b,“c” + (a” - c2)“] 1 I 2[b22cz + (a2 - c”)~] I I 
z-*+f (2.29) 
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uaAlz T =---- 
2A 2 
(2.30) 
Although Eqs. (2.29) and (2.30) f orm a system of two coupled equations for 
R and S, these equations uncouple completely for initially uniform flows. 
For simple wave flows, the equations uncouple in the sense that (in the 
present case with /3 = /I,,) the equation for S may be solved independently 
and directly. The solution thus obtained may then be substituted into the 
remaining equation for R, which may then be solved. Since the equations 
are linear, solutions may be superposed, and, further, the solutions may be 
obtained by solving the linear homogeneous system associated with Eqs. 
(2.29) and (2.30) and th en adding particular solutions of the complete system 
in order to include the effects of cross-sectional and/or entropy perturbations. 
Throughout the remainder of the paper, only isentropic perturbed flow will 
be considered. The particular solutions (to be added to those presented here) 
corresponding to nonisentropic perturbed flow have already been given [8]. 
3. THE CENTERED SIMPLE WAVE 
Let it be assumed that the simple wave is generated by the impulsive 
withdrawal of a piston in a tube filled with gas initially at rest. Let the origin 
of the (x, t) co-ordinate system be taken at the initial position of the piston, 
so that the resultant rarefaction wave is centered at the origin and charac- 
terized by /3 = &, , a constant (cf. p. 281 of [7]). On each characteristic 
dxjdt = u -+ a, the flow parameters are constant, and these characteristics are 
straight lines in the (x, t) plane. Consequently, the wave may be represented 
by 
x = (24 + a) t (3.1) 
B =Bo (3.2) 
The wave propagates with speed ur into the gas at rest, where the subscript Y 
denotes stagnation quantities. From the definition of the characteristic 
parameters of the base flow, Eq. (2.23), it follows that 
u=ol-/lo (3.3) 
w = 9 (a + fi,) (3.4) 
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In Eq. (2.29), an expression for cl, is needed, and this may be obtained by 
differentiating Eq. (3.1) with respect to x and using Eq. (2.28). Thus 
1 
- = 24, + a, = u, + 
[ 
(a” - c’2)2 + (y - 1) b,? 
I 
w, 
t (u” - c2)2 + bz2c2 Y-1 
Since the derivatives u, and w, may be expressed in terms of 01~ through the 
use of Eqs. (3.3) and (3.4), the final result is that 
2[(a2 - c2)2 + b,2c2] 
01’ = [3(a2 - c~)~ + (y + 1) bt2c2] t (3.5) 
Thus, for a wave centered at the origin, Eqs. (2.29) and (2.30) reduce to 
(3.6) 
(3.7) 
The solution for S may be obtained from the ratios 
dt ax dS -c--z 
1 u - a - uaA,,/2.2 (3.8) 
From the first two ratios of Eq. (3.8) and from Eq. (3.1) it follows that 
dx d 
-=u+U+t-&(U+a)=u-a dt (3.9) 
From the definition of the characteristic parameters, Eq. (2.23) it can be seen 
that 
2 
u+a=a+- 
s 
!- dc - 2/4, 
y-l c 
so that Eq. (3.9) may be written as 
which has the solution 
at2c2J+-l) = constant 
or, as the gas is polytropic, 
pat2 = 0, a constant 
(3.10) 
(3.11) 
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Since the one independent integral for S is determined by the cross charac- 
teristics, Eq. (3.9), it follows that Eq. (3.11) is a convenient representation 
of the curvilinear cross-characteristics of the simple wave. 
From the last two ratios of Eq. (3.8) 
dS uaAlz 
- z - 
dX 2A(u - a) 
In the integration of Eq. (3.12), the first integral Eq. (3.11) may be utilized, 
but it does not seem possible to give a closed form solution even for simple 
A, . Thus, let the solution be formally written as 
where the notation indicates that the integration is to be carried out with 
constant (T. Consequently, the solution of Eq. (3.7) may be written as (where 
F(t) is an arbitrary differentiable function of 5) 
s = 2(pa)1!2 W[paP] - & [J $&I 
0 
where the notation [ I,, indicates that the quadrature is to be carried out 
with o constant after which it is to be replaced by its value as given by 
Eq. (3.11) in order to give the solution Eq. (3.14). In order to simplify the 
notation, let the solution Eq. (3.14) be written as 
s = 2(pa)1’2 tF’[pat2] + ‘4(x, t) 
This form of solution has been chosen to give a simpler form for the solution 
for R. 
The solution of Eq. (3.6) may be obtained from the ratios 
dt dx -=-= 
t x (u” - c2)2 - F- 3) zJ,2C2 
- R + [3(a2 - c2)2 + (y + 1) b&2 1 uatA,, 
(3.16) 
‘- 2A 
From Eq. (3.1) and the first two ratios of Eq. (3.16), one first integral is 
X 
- = A, a constant 
t 
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i.e., the rectilinear characteristics. From the first and last ratios of Eq. (3.16) 
and using Eq. (3.15), it follows that 
x I$ [gg] + A(x, t)/ - * (3.18) 
In order to integrate Eq. (3.18), the previous first integral, Eq. (3.17), may be 
utilized. That is, on x/t = constant, the flow parameters (c, a, etc.) are con- 
stant, so that the solution of Eq. (3.18) may be written as 
tR _ (3 - y) b,V + (u” - c2)2 
[ 
F[pat2] 
3(a2 - c2)2 + (y + 1) b,2C2 II 
-___ + j A(&, t) dt/ 
(pa)li2 
- dA,(Xt) + 2% at - J - dt = constant. (3.19) 
Thus, in summary, the solutions for R and S are: 
s = 2(pzy tF[pat2] + A(x, t) (3.15) 
t3 - Y) b22C2 + b” - c2)2 
3(u2 - c2)2 + (y + 1) b,“c” 1 F[fut21 + qx, t> + G(x,t) (3 20) (pu)1/2 
where G is an arbitrary differentiable function, and r(x, t) denotes the result 
obtained when the quadratures in Eq. (3.19) are carried out with constant A, 
and then h is replaced by x/t. For nonisentropic perturbed flow, the particular 
solution of [8] must be added to Eqs. (3.15) and (3.20). 
For the case of a transverse field, only the limiting case of a fast wave is 
possible, and the above solution reduces exactly to that presented in [6]. 
The solution of this section may be utilized to solve various problems, e.g., 
suppose the piston is withdrawn impulsively with a speed such that the result- 
ant wave is completed at the piston where the sound speed and density are 
zero, with the result that no perturbations can reach the piston and be 
reflected back into the flow. The arbitrary functions F and G may then be I 
determined quite easily (cf. p. 285 of [7]). Further, suppose the nonuniform 
section terminates in a section of constant area, i.e., it forms a transition section 
of finite length between two sections of constant cross-sectional area. Then, 
the net effect of passage through the transition section may be determined. 
Since this problem has been solved in detail for the conventional gas dynamic 
case [5] and the case of a transverse applied field [7], and the solution for the 
oblique field is essentially the same as that presented in [7] with only a 
change in wave speeds, the details will be omitted. 
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4. ARBITRARY SIMPLE WAVE FLOW 
If the acceleration of the piston from rest to a constant final velocity does 
not take place instantaneously, but, rather, the piston is withdrawn with 
increasing speed until a final constant velocity is attained, a so-called arbitrary 
simple wave is generated, and the perturbation generated by the area 
variations can be determined by an analysis similar to that used for the 
centered rarefaction wave. 
Suppose the wave is characterized by p = /I,, , a constant (cf. p. 285 of [7]). 
Then letting [X,,(Z), t,(x)] be the parametric representation of points of a 
curvilinear characteristic of the simple wave, the wave may be represented by 
x = x0(z) + [u(z) + a(z)] 7, t = t,(x) + 7 (4.1) 
The governing perturbation equations are Eqs. (2.29) and (2.30), and because 
of Eq. (4.2), Eq. (2.30) reduces to 
St + (u - a) s, = - y$ 
In order to solve Eq. (4.3) it is convenient to change from the independent 
variables (x, t) to (z, T). With the definition 
S(x, t) = S,(? 4, 4(x, t) = A,(% 4, 
it follows by noting that x,,’ = (U - u) t,’ 
JS, = s,, - t;% 
JSt = h’ + +’ + a’)] s, - (u + a) s,, 
J = - 2ut,’ + T(u’ + a’) 
where primes denote differentiation with respect to the argument. From the 
definitions of the characteristic parameter (4.2) and w 
2 
u+a=u+- 
s 
_f4_ dc - 2j3, 
y-l c 
so that by the use of the derivative equation which corresponds to Eq. (2.28), 
u’ + a’ = 
[ 
(y + 1) ba2c2 + 3(u2 - c3)2 ac’ 
ZI,~C~ + (a2 - c2)a I (Y - 1>c 
(4.5) 
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and the Jacobian may be written as 
J = - ht, + [(y +b;Jcfy($ ?a, c2)2] (y y’;, c (4.6) 
Under the prescribed transformation of variables, Eq. (4.3) becomes 
- 2aSlz + [ 
(y + 1) b22C2 + 3(a2 - cy2 
b2ZC2 + @2 _ c2)2 I 
a.87 
(y - 1) c s1T 
= - E [A,, - t,‘A,,l (4.7) 
where use has been made of the fact that x,,’ = (u - a) ts’, which follows 
because the points (x,, , t,,) form a curvilinear characteristic. The solution of 
Eq. (4.7) may be obtained from the ratios 
dz dr dS, -= xzz 
- 2a 
[ 
(y + 1) b2”c2 + 3(a2 - c2)l 
I 
arc’ 
b;c2 + (a2 - c2)2 (Y - l>c 
- E [A,, - tOIA2J 
(4.8) 
Since the first two ratios in Eq. (4.8) may be written as 
dz 
T&i = (24’ $) 7 
it follows from Eq. (4.4) that the following first integral is obtained by fol- 
lowing the theory of Section 3 
c1/2~~-1~a1~4Tl~2 = constant (4.9) 
or since the gas is polytropic 
par2 = X (4.10) 
where h is constant. Equation (4.10) g ives a convenient representation of the 
curvilinear cross-characteristics of the simple wave. 
From the first and third ratios of Eq. (4.8), the following differential 
equation is obtained 
2d‘& = ‘LA,, ;A’,‘A2,1 dx (4.11) 
Formally, the solution of Eq. (4.11) may be written as 
s, = I-&- 1 [A,, - tiA2r] udxiA + constant (4.12) 
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where the notation indicates that the quadrature is to be carried out with 
constant A. From Eqs. (4.10) and (4.12), the solution of Eq. (4.7) may be 
written as 
s, = 2(pa)r’a dqmT2] + A *(z, T) (4.13) 
where F is an arbitrary differentiable function and A* denotes the quadrature 
in Eq. (4.12). Th e integration is to be carried out with constant h which is 
then to be replaced by its value as given by Eq. (4.10) to yield the result 
called A*. 
From Eq. (2.23), the definition of the characteristic parameters of the 
base flow, and Eq. (4.5), it follows that 
2ac’ 
2[(a” - c2)2 + b,2C2] 
az = (y - 1) CJ = 
[3(a2 - c~)~ + (y + 1) !J,~c~] 
T _ 2(r - 1) c[(a” - c2)8 + b,V] t, 
(4.14) 
[3(a2 - c2)2 + (y f 1) b,V] c’ 
Substitution of Eq. (4.14) into Eq. (2.29) g ives the resultant equation for R 
where 
lJ = T -- 
2(r - 1) ct,‘[(a” - ?>a f  ~I,~c*] 
c’[3(@ - c2)2 + (y + 1) b&2] 
The solution of Eq. (4.15) may be obtained from the ratios 
dt dx dR 
-zxz -= 
1 u+a R s (y - 3) l!I,“ca - (aa - $)a u4z -___ 
V v [ 3(a2 - c2)2 + (y + 1) b22~2 1 -__ 2A I (4.16) 
The integral of the first two ratios of Eq. (4.16) has the rectilinear charac- 
teristics for level curves. This first integral may be written as 
x(x, t) = h, a constant (4.17) 
where the function z(x, t) is defined implicitly by 
x - 44 = iW> + WI P - 4k41 
From the first and last ratios of Eq. (4.16), the following differential equation 
is obtained 
(a2 - 8)” - (y - 3) b&” 
Yk [vR1 = [3(a2 - c2)2 + (y + 1) b,2c2 1 
X 1% [w] + A*@, t - t,,)\ - + (4.18) 
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In order to integrate Eq. (4.18), the first integral Eq. (4.17) may be used, i.e., 
z may be treated as a constant. This immediately yields another first integral, 
so that the final solution may be written as 
(u” - c2)2 - (y - 3) b&2 
vR = G[zl + [q& c2)2 + (y + 1) b22c” ] [W] 
where the notation ( }h=z denotes that the integrations are to be carried out 
with z replaced by the constant h, and then h is to be replaced by the variable 
z in order to give the solution, Eq. (4.19), and G is an arbitrary differentiable 
function. 
Equations (4.13) and (4.19) give the general solution of Eqs. (2.29) and 
(2.30) in terms of two arbitrary functions F and G. For nonisentropic per- 
turbed flow, the particular solution given in [8] must be added. A discussion 
of the determination of these arbitrary functions in an actual problem may 
be found in [3]. The solution of Section 4 includes the solution of Section 3 
as a special case. In order to obtain the solution for a wave centered at the 
origin, it is sufficient to let (x0, t,) = (0,O) and z = x/t. The solutions 
obtained include as special cases those presented in [5] and [7]. 
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